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The energy balance of averaged and pulsating motion in the annular channels between co-  
axial rotat ing cyl inders  is considered. 

The resul ts  of an experimental  investigation into hydrodynamics and heat t ransfer  in annular turbulent 
flows between coaxial rotating cylinders were presented in [1-5]. A fuller representa t ion of the laws of 
rotational flow may be obtained on considering the energy balance of averaged and pulsating motion. 

The energy balance equation of averaged motion E 0 = 0.5 (V2x + ~2 r + v~) may be writ ten in the following 
dimensionless form,  in the absence of external forces  and on the assumption of constant physical prop-  
er t ies  of the liquid: 
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This re la tes  to the plane annular turbulent flow of an incompress ib le  liquid, s tat is t ical ly homogeneous on 
cylindrical  surfaces  corresponding to constant radius. In flows of this kind the conditions v x = v r = 0, v r  
= vr  and p = p(r) a re  satisfied for the velocity components and p ressure ,  while the derivatives with r e -  
spect to the axial (x) and tangential (r coordinates of the averaged quantities equal zero. 

�9 The f i rs t  t e rm of this equation (A) has the physical sense of a local change in the kinetic energy of 
the averaged motion, the second (B) and third (C) t e rms  correspond to the work of viscous and turbulent 
shear  s t r e sses ,  while the last  one (D) descr ibes  mutual t ransformat ions  of the energy of averaged and 
pulsating motion [6, 7]. 

The turbulent energy balance equation E = 0.5 (v~ + v~ + v~) for the flow under considerat ion takes 
the form 
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in Eqs. (1) and (2) the notation ~ i  = vm/v* i ;  v ,  i = 4 - ~ ;  7 = x / ( r2  - r l ) ;  7 = r / ( r  2 - r t ) ;  7 -- t v , i  / (r 2 - r l ) ;  
Re i = v . i ( r  2 - r 0 / v ,  i = 1, 2 corresponds  to the rotat ion of the internal and external cylinder,  r e s p e c -  
tively. 
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Fig. 1. Distr ibut ion of the total O'tot), turbulent (~'tur), 
and l amina r  (7 l) tangential  f r ic t ional  force ,  the ave r age  
veloci ty  (vq)), and the turbulence energy  (E) in channels 
with in ternal  and externa l  rota t ing cyl inders  r e s p e e -  
t ively. 

In Eq. (2) we have omit ted the smal l  t e r m s  assoc ia ted  with the convective energy t r a n s f e r  due to the 
turbulence  of the a v e r a g e  mot ion and a lso  with the re la ted  viscous  and turbulent  diffusion. 

The v iscous  and turbulent  diffusion of the energy  of the pulsating motion only play an apprec iab le  par t  
in the flow c lose  to the wall,  in the l aminar  and t rans i t iona l  layer  [7]. 

The f i r s t  t e r m  (I) of Eq. (2) r e p r e s e n t s  the local change in the kinetic energy  of the turbulence.  The 
second t e r m  (II) d i f fers  f r o m  the fourth t e r m  (D) in Eq. (1) in sign only, and as before  desc r ibe s  mutual  
t r ans fo rma t ions  of the energy  of ave raged  and pulsating motion; the third t e r m  {III) r e p r e s e n t s  the v iscous  
diss ipat ion of the pulsat ing energy  into heat. 

Thus in the approx imat ion  under considera t ion  the pr incipal  role  in the energy  balance of the pulsating 
motion is played by the genera t ion  (I1) and diss ipat ion (IH) of energy.  For  s t eady - s t a t e  flow (dE/dr  = 0) 
these  quanti t ies  a r e  app rox ima te ly  the s ame  over  a g rea t  par t  of the channel c r o s s  section,  so that  the 
turbulence  is p r a c t i o a l l y i n a  s ta te  of energy  equil ibrium. In this case ,  by determining the t e r m  (D) e x p e r i -  
menta l ly  we may  find the energy  diss ipat ion (III). 

F igure  1 shows the d is t r ibut ion of the ave r age  veloci ty  (v~ = v r  the turbulence ene rgy  (E 
--E/u2,i  ), and the tangential  f r ic t ional  s t r e s s ,  compr i s ing  the total (~tot = ~tot/~'i;  (Ttot = ~'l + ~tur), turbulent  
(~'tur = r t u r / ~ " ;  7 = - p v '  v ' ) ,  and l amina r  [7 l = "rl/'ri; -r I = p ( d v r J d r  - v ~ / r ) ]  components  in channels 1 tur  ~ r 
with in ternal  and external  rota t ing cy l inders  r e spec t ive ly  [3, 5]. Using these  data we may  readi ly  calculate  
al l  the t e r m s  in the balance  equation for  the a v e r a g e  and pulsating energy.  

In the calculat ion,  the co r r e l a t i on  (v~v~) close to the walls of the annular  channel was found f r o m  the 
- -  - -  �9 2 2 2 .  expres s ion  v~v~ = - r / p  + ~ ( d v ~ / d r  v ~ / r ) ,  while "r/p = - v . l r l / r  m the case  of the ro ta t ion  of the 

inner  cylinder.  

The r e su l t s  of the calculat ions re la t ing  to the ro ta t ion  of the inner cyl inder  a r e  presented  in Figs.  
2 and 3. 

It should be noted, f i r s t  of all,  that the energy  balance of the averaged  and pulsating motion holds to 
a fa i r  a c c u r a c y  over  prac t ica l ly  the whole rad ia l  c r o s s s e c t i o n  of the channel. 

However ,  the values  of the t e r m s  in Eq. (1) va ry  with radius .  

The inner  ro ta t ing  wall  of the annular  channel se ts  the neighboring layer  of liquid in motion by v i r tue  
of adhesion. As a r e s u l t  of the opera t ion  of v iscous  shear  s t r e s s e s ,  there  is an inc remen t  in the kinetic 
energy  of ave raged  motion in this region of flow (curve B in Fig. 2a). 

t Here  and subsequent ly  the index 1 r e f e r s  to the inner and the index 2 to the outer  cyl inders .  
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Energy  balance  close to the walls  of the annular  channel: a) at the inner rota t ing 
sur face ;  b) at  the outer  s ta t ionary  surface .  

Fig. 3. Energy balance  in the cent ra l  region of the channel with an internat ional  rotat ing 
cyl inder .  

The averaged  flow is r e t a rded  under the influence of turbulent  shear  s t r e s s e s ,  losing a ce r ta in  p ro -  
port ion of kinetic energy  (Fig. 2a). The other par t  of the kinetic energy of the ave r age  motion is conver ted  
into energy of pulsating motion (generation of turbulence).  Owing to the genera t ion  of turbulence energy,  
the l o s se s  in the energy  of averaged  motion increabe  sharp ly  in the d i rec t ion of the wall  (curve D). 

In the boundary region of the flow (approximately 30 < ?? < 80 or (r - r t ) / ( r  2 - rl) < 0.2) the g e n e r a -  
t ion of turbulence {curve D) exceeds the inflow of energy d i rec t ly  due to work  of the v iscous  shear  s t r e s s e s  
(curve B). The balance is made up by an additional inflow of energy  due to the work  of the turbulent  shear  
s t r e s s e s  (C). 

Thus a flow of kinetic energy  assoc ia ted  with the averaged  motion is d i rec ted  into this region of flow, 
and is conver ted  into turbulence energy in the la t ter .  

On moving away f r o m  the rotat ing wall,  the component  of the energy  balance cha rac te r i z ing  the in-  
c r emen t  in the kinetic energy of averaged  motion due to the work  of the v iscous  f r ic t ional  fo rces  fal ls  
rapidly,  and for  (r - r l ) / ( r  2 - rl) > 0.2 it becomes  negligibly smal l  (curve B in Fig. 2a). The energy 
lo s ses  assoc ia ted  with the genera t ion of turbulence (curve D) a r e  compensa ted  by an inc rement  due to the 
act ion of turbulent  shear  s t r e s s e s  (curve C). This component  actual ly  pa s se s  through zero  and for  ?7 > 30 
becomes  negative,  which co r re sponds  to an i nc r ea se  in kinetic energy.  

Near  the outer  s ta t ionary  wall  of the channel (r2) the role  of the components  B, C, and D of the 
ave raged -mo t ion  energy balance is ve ry  different  f r o m  their  ro le  close to the rota t ing wall.  

The inc rement  in kinetic energy  is he re  effected by the act ion of the turbulent  shear  s t r e s s e s  (curve 
C in Fig. 2b). This  inc rement  is compensated  by a loss  in the kinetic energy  of averaged  motion,  owing 
to i ts  convers ion  into turbulence energy (curve D) and work  of v i scos i ty  f r ic t ion  (curve B). The turbulence 
energy generated by the averaged  motion is diss ipated into heat  by v i r tue  of the v iscous  fo rces .  

The genera t ion and diss ipat ion of the energy of pulsating motion prac t ica l ly  balance each other over  
the g r e a t e r  par t  of the width of the annular  gap (curves C and D in Fig. 3). 

Thus in the d i rec t ion f r o m  the rotat ing wall of the channel  to the s ta t ionary  wall  there  is a 
flow of kinetic energy  of the averaged  motion; near  the rotat ing wall this is a ssoc ia ted  with the work  
of v iscous  fr ic t ional  f o r ce s ,  and over  the remain ing ,  g r e a t e r  par t  of the c r o s s  sect ion with the work  of 
turbulent  shear  s t r e s s e s .  This  flow is balanced c lose  to the rotat ing wall  by the energy  loss  due to the 
work  of the turbulent  shear  s t r e s s  and the genera t ion  of turbulence,  and c lose  to the s ta t ionary  su r face  by 
the v iscous  shear  s t r e s s  and the genera t ion of turbulence energy.  
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In the cent ra l  region (region of developed turbulent  flow) the flow of kinetic energy assoc ia ted  with 
the averaged  motion is compensa ted  by t r an s fo rma t ion  into turbulent  energy.  The m a x i m u m  genera t ion  
of pulsat ional  energy  occurs  nea r  the walls  for  ~7 ~ 10. In the g r e a t e r  par t  of the annular -channel  c ro s s  
sect ion the genera ted  turbulence  energy  is d i rec t ly  converted into heat  by turbulent  dissipat ion.  

It would appea r  that, as  in the case  of r ec t i l inea r  flows [71, a m o r e  complicated pic ture  of the d i s -  
t r ibut ion of pulsating energy  should occur  in the immed ia t e  vicini ty of the walls (in the region of the l amina r  
and t rans i t iona l  layer) ,  where  a substant ia l  pa r t  should be played by the t e r m s  assoc ia ted  with the v i s -  
cous and turbulent  diffusion of turbulence energy.  The turbulent diffusion in par t icu la r ,  ensu re s  the t r a n s -  
fe r  of turbulence energy  f r o m  the region of its m a x i m u m  generat ion to the inner and outer  l aye r s  of the 
liquid. 

A cons iderably  m o r e  complex dis t r ibut ion of the energy balance occurs  in the case  of annular  flow 
with s table  s t ra t i f ica t ion ,  c rea ted  by the ro ta t ion  of the outer  cylinder,  with the inner cyl inder  s ta t ionary.  
The act ion of the centr i fugal  f o r ce s  here  leads to a sha rp  quenching of the intensi ty of the pulsating motion, 
and hence to a reduct ion in the hydrodynamic  r e s i s t a n c e  and heat t r ans fe r .  In view of this,  the turbulent  
exchange p r o c e s s e s  a r e  affected to a cons iderable ,  often decis ive ,  extent by var ious  external  act ions 
operat ing on the flow, such as  eddy cu r ren t s  at  the end su r faces  of the channel, the turbulizing flow in 
the measu r ing  device  [4], v ib ra t ion  or roughness  of the rotat ing and s ta t ionary  walls  of the channel, etc. 

End effects  have a pa r t i cu la r ly  marked  influence [1, 4]. The p resence  of a s ta t ionary  end wall  leads 
(owing to the r e t a rda t ion  of the neighboring l aye r s  of liquid and the act ion of the radia l  p r e s s u r e  field) 
to the development  of a secondary  vor t i ca l  motion,  d i rec ted  close to the wall  in the d i rec t ion  of the s ta t ion-  
a r y  (inner) cyl inder  and ca r ry ing  e lements  of liquid r ich  in energy. The flow takes  on a complex t h r e e -  
d imensional  c h a r a c t e r .  

Exclusion of the effects  of the end walls  and other external  act ions laminizes  the flow for  the angular  
ve loc i t ies  of the outer  cyl inder  usual ly  at tained in p rac t ica l  exper iments  [1]. 

The disrupt ion of the plane flow due to the development  of secondary  eddy cu r ren t s  at  the ends of the 
channel p revents  us f r o m  es t imat ing  the energy  balance of turbulent  motion on the bas i s  of Eqs. (I) and (2). 

However ,  the use  of the m o r e  r igorous  equations,  containing t e r m s  assoc ia ted  with the convect ive 
t r a n s f e r  of the ave r age  motion and with viscous  and turbulent  diffusion, is hardly feas ib le  at the presen t  
t ime  owing to the absence  of adequate expe r imen ta l  data, and this will have to be a subject  for l a t e r  study. 

F igure  1 shows the d is t r ibut ion of the kinetic energy  of pulsating motion E2 = E/v22 and the c o r r e -  
lat ion rtur2 = VrVe/V,2 m e a s u r e d  in an annular  channel with an outer  rota t ing cyl inder  [4]. We see  f r o m  
the f igure  that the energy  E2 fa l ls  rapidly  in the d i rec t ion  of the inner s t a t ionary  wall. The co r r e l a t i on  

T I VrV~ = ~'tur2/P behaves  in an analogous way. 

It should be noted that  the co r re l a t ion  (v~v~) has a posi t ive value in the region of the m e a s u r e m e n t s .  
This  is p r i m a r i l y  due to the mixing of the e n e r g y - r i c h  l aye r s  of liquid near  the rotat ing cyl inder  and low- 
energy  l aye r s  near  the s ta t ionary  one by the secondary  eddy cur ren t s  at  the end walls.  In addition to this,  
fu r ther  mixing is provided by the measu r ing  devices ,  vibrat ion,  sur face  roughness ,  etc. The act ion of 
the field of centr i fugal  fo rces  under conditions of s table  s t ra t i f ica t ion  amounts  to the fact  that liquid e l e -  
ments  possess ing  higher tangential  ve loci t ies  tend to move in the d i rec t ion of the outer  rota t ing wall,  and 
those with lower tangential  ve loc i t ies  toward the s t a t ionary  wall. 

Thus s ta t i s t i ca l ly  the mean  value of the co r re l a t ion  VrVq~' ' becomes  posit ive.  A s im i l a r  qual i ta t ive 
picture  holds t rue  in the centr i fuging of a liquid inhomogeneous in density,  when the l ighter  e lements  of the 
liquid a s s e m b l e  c lose  to the axis  of the centr ifuge.  

= -  ' ' and viscous  = p ( d ~ / d r  - The di f ference  in the signs of the turbulent  0"tur2 PVrV~) (T/2 v~o/r)) 
shea r  s t r e s s e s  leads to the fol10wing cur ious  fact .  The total  shear  s t r e s s  found f r o m  the equation rtot~ " 

- ' ' -~ - - v~/r) may have a sign opposite to that of the frictional stress at the = ~'tur + rl = PVrV ~ , /~(dv~/dr 
rotating wall of the channel (Fig. I). This may occur because the principal mechanism determining the 

transfer of the torsional stress to the inner (stationary)cylinder is evidently transfer by the secondary 

eddy currents arising at the end walls of the channel. The sign difference between ~'tur2 and "rl2 may also 

be explained by the reduction in the moment of the frictional forces at the inner cylinder (to values smaller 

than those associated with laminar flow) observed in experiments involving flow in a ehannel with an outer 
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rotat ing cylinder [4]. It should be noted, at  the same time, that the end effects  do not exer t  any substantial  
influence on the p rocesses  of turbulent t r ans fe r  in channels with an inner rotating cylinder (with unstable 
s t ra t i f icat ion of the flow) [3]. 

N O T A T I O N  

E 0 is the energy of averaged motion; 
E is the energy of turbulent motion; 
Vx, Vr, v~o a r e  the axial, radial ,  and tangential components of the velocity vector ;  

is the pressure ;  
x, r a r e  the axial and radial  coordinates;  
t is the time; 
v ,  is the dynamic velocity;  
r to  t is the total tangential f r ic t ional  s t ress ;  

Tto t = 7tu r + 7l; 
r tu r  is the turbulent fr ict ion;  

~ - w  ! T, Ttu r pv ~0Vr, 
~'l is the viscous fr ict ion;  
T l = U (dv~p/dr - v~0/r); 
p is the density; 
v is the kinematic viscosi ty;  
Vx, v~, v~ a r e  the axial,  radial ,  and tangential components of the mean-square  pulsations 

of the velocity vector ;  
is the dimensionless  tangential velocity;  
is the universal  coordinate.  
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